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The downward reflection of acoustic-gravity waves produced in an isothermal at-
mosphere by the exponential increase with altitude of the kinematic viscosity is in-
vestigated. The problem is more general than those previously considered in [1, 2]. The
ordinary differential equations for harmonic oscillations were integrated numerically by
a modification of a procedure due to Conte [6], and the dependence of the reflection
coefficient on the horizontal wave number k and the vertical wave number g was ob-
tained. It was found that, in contrast to the results for a stratified inviscid fluid [1], the
magnitude of the reflection coefficient depends on k. The deviation from previcus
results is greatest when k and B are of the same order of magnitude and not too large or
too small.

1. INTRODUCTION

it is well known that acoustic-gravity waves which travel upward in a stratified

“atmosphere” may be reflected downward if the mean temperature varies with
height. They may also be reflected if dissipative forces are present, provided these
increase rapidly with height z. This was demonstrated in [1] by means of a simple
model of two-dimensional waves in an incompressible stratified fluid with
exponentially decreasing density p(z) and constant dynamic viscosity u (i.e., with
exponentially increasing kinematic viscosity p/p(z)). It was found that the magni-
tude of the reflection coefficient | K | tends to exp(—2#2H/L) as p — 0 (# is the
density scale height, L the vertical wave length). This result contains the somewhat
surprising feature that the reflection does not depend on the horizontal wave length.

A similar problem for a viscous isothermal atmosphere was considered in [2],
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242 MYERS AND YANOWITCH

but only for vertically propagating acoustic waves, and the same asymptotic
formula for the reflection coefficient was found to hold (see also [3]). On the
other hand, Lindzen showed in [4] that this same result is valid for atmospheric
tidal waves when dissipation is introduced through the mechanism of Newtonian
cooling rather than through viscosity (see also [5]). This led him to the conjecture
that the asymptotic value of | Ky | is independent of the details of the fluid model.
Our work will show that this is not always the case.

We will consider small two-dimensional oscillations in a compressible isothermal
atmosphere with a constant dynamic viscosity coefficient. This problem is ana-
Iytically considerably more complicated than the ones referred to above, and we
have, therefore, resorted to a numerical study. The numerical problem itself is
not trivial since it requires the computation of solutions of a system of differential
equations which is inherently unstable, i.e., one which possesses solutions with
widely differing rates of growth. The method employed here is a modification of
a procedure due to Conte [6]. It will be described briefly in Section 3; a more
complete description and an error analysis is given in [7].

It was found that | K | < exp(—2#2H/L), and that it depends on the horizontal
scale of the motion. The greatest deviation from exp(—2#*H/L) takes place when
the horizontal and vertical wave lengths are comparable to each other, while
for large and small ratios of these lengths the previously obtained asymptotic
formula is accurate. This is consistent with the results in [2] and [4]. The deviation
was found to be much larger for acoustic waves than for gravity waves, and for
some cases | K | was not even a monotonic function of H/L.

JI. FORMULATION OF THE PROBLEM

We will consider small oscillations of a viscous, thermally nonconducting fluid
about a state of hydrostatic equilibrium with uniform temperature. Let the
quantities which characterize the equilibrium state be denoted by the subscript O.
Then,

T, =const,  py(@) = pol0) €, pyz) = gHpy2), (1)

where H = RT,/¢ is the density scale height and 0 < z << co. The linearized
equations for the perturbed guantities are':

pott + P = pdu + Jp(div )., (22)

pows + b + gp = pdw + Fu(div v), , (2b)

ps + po(div V) + wpy' = 0, (20)
D -+ ¢2py div v — gpow = 0, 2d)

1 See Table I.
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TABLE I

Table of Symbois

X, Horizontal and vertical cordinates

tq

v = [u4, wl Velocity vector, with horizontal component u and vertical component w

u,w Oscillation amplitudes, defined in (4)
= [U, W]

Pressure

Density

Temperature

(Gas constant

Density scale height

Ratio of specific heats

Dynamic viscosity coefficient

Speed of sound

Brunt-Viisili frequency

Horizontal wave number

Vertical wave number

Frequency

= *|ox* 1 o*oz?

Dimensionless parameter defined in (5)

hoew®aZowR R oY N

ol

o, A Parameters defined in (9)
¢ = ¢ *[iec
6 = {(d|d¢)

Partial derivatives are denoted by subscripts.

where the prime denotes differentiation with respect to z, and the dynamic viscosity
coefficient g is assumed to be a small constant. Eliminating p and p yields two

equations for the velocity components u and w:
polttss + gwa — H(div V)} = p[du + § div vl;,
poiwe + gw, — A(div v), + (N2c¥g) div v} = u[du - Ldivv],,
where N is the Brunt—Vaisili frequency, defined by

Letting
u(x, z, t) = U(z) exp ilkx — ot),

w(x, z, t) = iW(z) exp ilkx — ot),

(3a)
3b)

oo
N
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and introducing the dimensionless quantities

E=z/H, &=x/H, k=FkH &= o(H)""

&)
5(z) = po(2)/po(0), = —E__(H/g9)r,
Pz) = po(2)po0), € ) 72 (Hlg)
one obtains a system of ordinary differential equations:
Ay" -+ By + Cy =0, (6)
where y is the vector with components U and W and
- 0 i (p— iec
a=[y 04 | B= . o =) .M
P——l§€0' k(_lGO’) .
3 P
2
P (k2 — —G—) — iea%‘rk2 —k ply
C= T .
B p PO+ jeck?
Y 7

Here p = % and the tilde has been omitted since only the dimensionless quantities
will be considered from now on.

It will be assumed for simplicity that the motion is excited by an oscillation of
the boundary at z = 0, which results in the (normalized) boundary condition

UQ©) =0, WO =1. )

For sufficiently small values of the parameter e the viscous terms in (6) are negligible
in any finite interval outside of a thin boundary layer near z = 0. Thus, any
solution y(z, €) of (6) behaves approximately like some solution yinv(z) of the
inviscid problem in any interval [z, , z,], where 0 < z; < z, < co. More precisely,
¥(z, €) — Yinv(2) uniformly in [z, z,] as e — 0. The boundary layer serves to
reduce U(z) to zero at the boundary, and has a negligible effect on W(z). Thus,
the exact nature of the forcing mechanism is largely unimportant in this study,
since it is concerned with reflection from the upper layets.

As is well known, the inviscid problem (obtained by setting € = 0 in (6)) has
two exponential solutions, exp(A,z) and exp(},z), with

A=3+G—9 lb=5—-0G—” i a<i (%a)

A =%+iB )‘2:%_“1./8’ if a>% (b)
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where

0‘:(%;—~k2)+ y;1_§ and 5:(;&_1)”2,

If o = } there are two solutions of the form
e*/? and ze*(2, {9¢)

In cases (9a) and (9¢), solutions correspond to waves which propagate horizontally.
Corresponding to (9b) one has solutions of the form

e*?la, exp(kx + Bz — ot) + a, explkx — Bz — ot)], {1

which represent an incident and a reflected wave, the reflection being produce
in the region where the viscous terms in (6) are no longer negligible. One of the
objects of this investigation is to compute the reflection coefficient (i.e., the ratio
of the two complex amplitudes) as a function of the wave parameters ¢ and k.
Amnother solution of interest is the Lamb wave [8]:

i 1‘ 7 1
o=vyk y=|o]explly — Dzpl, ()

which represents a free oscillation in the presence of a rigid boundary at z = @,
since W(0) = 0. The situation is represented schematically in Fig. 1, where the
two shaded regions correspond to the travelling wave solutions of case (9b).
Although these designations are somewhat arbitrary and inaccurate, we will refer
to the solutions in the region marked 4 as acoustic waves, those from the region G
as gravity waves.

N

fov

74 WXVﬁ}

o 0.4 0.8 1.2 2.0
k

Fic. 1. Inviscid dispersion relation for y = 1.4,
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To complete the formulation it will be assumed that physically relevant solutions
satisfy the “dissipation condition (DC) that the average rate of energy dissipation
in an infinite column of fluid (0 < z <C o) of finite cross section be finite. Since
the dissipation function depends on the squares of the velocity gradients, an
equivalent requirement is:

[ave+iype <o 12

For € > 0 and sufficiently large z, the terms in (6) which are multiplied by p are
negligible. If they are set equal to zero, there are four linearly independent solutions
of the resulting system which behave like e=%%, ze~*%, ¢*2, and ze®s. It is evident
that for k£ > 0 the last two do not satisfy the DC and should be discarded. The
problem is, therefore, to find the asymptotic behaviour as € — 0 of solutions of
the system of differential equations (6), which satisfy (8) and the DC (12).

III. ANALYSIS

It is convenient to transform the problem by introducing a new independent
variable ¢ = e %/ies. The differential equation (6) is then transformed into

4,6%y + By 4 Cy = 0, 13)

where

4, — [1 0 ]’ B, — — [ 0 k(¢ — 1/3)]’

0 &—4/3 k(€ —1/3) —£
. k
(k> —o?fy) € —4k?¥3 ——¢
C, = 1 : 7| (14)
—kY £ Sk
% %

and 0 = £ d/d¢. The positive z axis is mapped into a segment with arg £ = — /2.
The point z = o corresponds to £ =0 and z = 0 corresponds to & == l/iec.
The system (13) has regular singular points at § = 0 and £ = 4/3, and an irregular
singularity at ¢ = oo. The DC can be translated into a condition on the behaviour
of solutions of (13) in the neighborhood of £ = 0, while the limiting behaviour
of the viscous problem in a fixed finite interval [z, , z,] will go over into a condition
on the asymptotic behaviour of a solution of (13) as £— oo along the ray
arg £ = —af2.
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In order to solve the viscous problem in the limit as € — 0, it is necessary to
relate the solutions of (13) about the regular singularity £ = 0 to the soluticns
of (13) about the irregular singularity § = co. More precisely, we tequire the
asymptotic developments of the solutions of (13), on the ray argé = —#/Z,
which satisty the DC, (12). In this section, a numerical procedure is briefly discussed
which was used successfully to integrate numerically the inherently unstable
differential equation (13), and thereby determine the required asympiotic develop-
menfs.

Since ¢ = 01is a regular singularity of (13), it is possible to develop a fundamental
set of convergent expansions about this point [9, Chap. 4]. 1t is easily shown that
the resulting solutions of (13) exhibit the scalar growths £, (in &) £+, &%, and
(In £y £7% as € — 0. Only the solutions which grow as ¢+ and {in £) £* satisfy the
DC, (12). Hence, imposing the DC is equivalent to eliminating two of the solutions
of (13).

About the irregular singularity £ = oo a fundamental set of formal asymptotic
solutions can be developed. Standard procedures, e.g., see [10], involving the
transformation of (13) are complicated since the characteristic growth rates are
not asymptotically distinct, that is, four distinct exponential rates of growth of
formal solutions of (13) do not exist. However, it can be shown [7, Appendix Bl
that there exist four solutions of (13) which exhibit the asymptotic growths
E7M, 7%, £-1 exp(20 V/ Efy), and €114 exp(—26 v/Ejy), where A, and ), are the
scalars given in (9). In the appendix it is shown that the lead terms in the formal
solutions with algebraic growth correspond to multiples of inviscid solutions.

For small ¢ > 0, the question of existence and uniqueness of the solution of the
viscous problem depends primarily on whether or not at least one of the two
solutions satisfying the DC is asymptotic to a nonzero multiple of the exponentially
growing solution as £ —> o [1, 7]. For every computed case it appears that the
requisite properties are satisfied for existence and unigueness of the solution to
the viscous problem.

The solution of the viscous problem yyp(¢) can be represented as a linear
combination of any two linearly independent sclutions which satisfy the DC. In
particular, yvp(§) can be represented as a linear combination of DC(£) and
DC,(€) where

DGO = Y age, 2, =[], (i5)
n=0
» 1
DCH) = T b + (nHDCH, b= | k=T | (19
n=0 i

The solutions of (13) which exhibit the asymptotic scalar growths £, £-%, and
£1% exp(-£20 v/ €]y) are denoted by y,(£), ¥o(&), and y.(£), respectivelv. These
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four solutions are linearly independent and, hence, yyp(€) can also be represented
as a linear combination of these solutions.

Due to the different asymptotic rates of growth of y; »(£) and y.(§) it follows
that these solutions are significant in different regions. For example, the boundary
layer solution y,(£) is significant only in a relatively thin boundary layer near
z = 0 whose thickness is o(V/€/0) as e — 0. Similarly, the solution y_(¢) is impor-
tant only in a region which is intermediate between large £ and small £ or equiva-
lently in a region where the kinematic viscosity varies from small to large values.
For small £ the solutions DC,(€) and DC,(£) provide the correct means of deter-
mining yyp(§). For large &, the asymptotic developments of y; »(£) and y.(§) are
accurate approximations of these solutions. In order to solve completely the
viscous problem we require an overlapping region where DC,(€), DCy(§), y,(6),
and y.(£) can be accurately determined.

If such an overlapping region exists, then the viscous problem can be solved in
essentially two steps for small € > 0. First, determine a nonzero linear combination
of DC,(¢) and DCy(£) which eliminate the boundary layer solution y,(£), that is,
solve

CDC, (&) + CDCy(&) + Cayi(§p) + Ciy(£o) = ya(€o) 17
and

CIBDCI(EO) -+ C.0DCy(&y) + Calyy (&) + Coby (&) = Bya(&0) (18)

at a fixed finite value of &, . Second, solve

[(1)] = dl{YZ(fl) - C3Y1(§1)} + sz+(§1) (19)

at £ = l/ieo. It should be noted that the solution of the viscous problem yyp(¢)
approximately satisfies

yveé) ~ d{C:DC(E) + CDCyE)}- (20)

The solution represented by (20) is modified in the boundary layer. Hence, Egs. (17)
and (20) imply that, for large £ or equivalently small kinematic viscosity, the
solution of the viscous problem can be approximated by a linear combination of
inviscid solutions. We are primarily interested in the linear combination of inviscid
solutions which results in the limit as e — 0. The region where the solution of
the viscous problem is accurately approximated by a linear combination of inviscid
solutions will be designated the inviscid region.

The formal asymptotic solutions of (13) will yield accurate approximations
of actual solutions of (13) for large £. Hence, it is possible to solve (19) after the
constant C, has been determined in (17) and (18). However, implicit in the Eqgs. (17)
and (18) is the requirement that the accurate values of the formal asymptotic
solutions be continued to fairly small values of &, or DC,(§) and DC,(¢) should
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be continued to large values of £. If a numerical integration of (13) is considered,
then it is preferable to consider the integration proceeding in the direction of
decreasing | £ |. It can be shown [7] that there is at most an algebraic magnification
of the initial relative error if solutions of (13) are computed exactly in the direction
of decreasing | £ |. This can be shown despite the fact that solutions of (13) exhibit
different exponential rates of growth. Since only a finite number of digits are
retained in the process of computing, some care must be exercised in performing
the calculations. Roughly speaking, it is necessary to append a process to the
numerical integration of (13) which eliminates the possibility of ill-conditioning
of a fundamental set of solutions. Frequently, as a bonus, a reasonable attempt
at ensuring linear independence of such a fundamental set results in an effective
control of inherent error growth, e.g., see [6, 7].

The inherent instability of (13) affects the numerical calculations in a rather
peculiar manner. For example, suppose one considers the problem of calculating
an approximation of y,(£). For an integration of (13) along arg § = —#/2 and
in the direction of decreasing | £ |, the solution y,(§) is exponentially dominated
by y_(§), i.e., y_(&) grows exponentially fast whereas y,(£) exhibits algebraic growth.
Hence. it is anticipated that the calculation of y;(£) may be very difficult. However,
v1(€) is only required to have a prescribed asymptotic expansion {see the appendix).
The asymptotic properties of y,(£) are satisfied by a family of solutions of (i3},
where two distinct members of the family differ by a multiple of y_{§). Arbitrary
multiples of y_(£) can be added to y;(£) with no modification of the asymptotic
properties of the resultant vector. Thus, the goal is to approximaie a member of
a family of solutions of (13) rather than a specific solution of {(13).

The only numerical difficulty which results from the inherent instability of (13)
is that the multiple of y_(£), introduced via an error, can grow to such proportions
that it masks y,(§), i.e., several significant decimal digits are required to mersly
compute the useless multiple of y_(£). In order to control the multiple of y (&3
present in the numerical approximation of y(§), it is sufficient to append soms
process to the numerical integration of (13) which ensures that y,(£) is linearly
independent of y_(£).

The numerical integration of (13) over a large & interval was carried cut by
breaking the large £ interval into several smaller intervals. The numerical integra-
tion of (13} begins at a large value of &, where the initial vector is computed by
means of an asymptotic expansion. At the end of the first subinterval, the numerical
approximation of y,(¢) is forced to have a zero component corresponding to the
largest component of y_(§) by adding the proper multiple of y_(€) to the approxi-
mation of y;(£). The resultant vector obtained at the end of the first subinterval
becomes the initial vector for a numerical integration on the second ¢ interval.
This process is repeated on each ¢ subinterval. Similar procedures are used to
calculate y,(&).
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Implicit in the algorithm outlined for the calculation of y,(€) is the requirement
that y_(¢) be accurately determined. The vector y_(£) is easily calculated since
this solution has dominant exponential growth for a numerical integration in the
direction of decreasing | ¢ |. In addition, by means of (15) and (16), it is possible
to compute DC,(€) and DC,(£) and, hence, the viscous solution ypy(€) can be
determined. A more detailed description of the algorithm and an error analysis is
contained in [7].

The numerical method described above is not the only one which could have
been employed. A convenient version of the Gaussian elimination scheme has
frequently been used for similar problems (see, e.g., [11, 5, or 3]). This procedure
would be applied directly to the system of differential Egs. (6) rather than to (13).
The advantage of our method is that an error analysis and a convenient check on
the growth of the error are available. The numerical integration was performed
in single precision on an IBM 7094, and the results appear to be correct to four
significant figures.

14 |-
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Fic. 2. In| C] at the frequency of the Lamb wave and at neighboring frequencies. C is
defined in (21).
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IV. CoMPUTATIONS AND CONCLUSIONS

The solution of the viscous problem for small ¢ > 0 is obtained by solving
Egs. (17)~(19). The most difficult numerical problem encountered is the determina-
tion of vectors at a fixed finite value of & which specify the different asymptotic
solutions. There are several cases which must be considered separately. The
individual cases can be classified according to the character of the exponenis
Ay, A in (9). We are primarily interesied in those cases which modify the conclu-
sions reached by Yanowitch [1, 2] and Lindzen [4].

Before proceeding with a summary of the calculations, it is useful to note that
for the earth’s atmosphere the dimensionless parameter € is comparable to 10732,
The dimensionless parameters & and o, when equal to unity, correspond tc a
horizontal wavelength of 45 km and a frequency of 2.5 radians per minute, respec-
tively.

0
ACOUSTIC saruceman:
GRAVITY oo
VT TR cem—
-1
-7 =
5
THE CURVES ¥ = -mB,
Yy = Jn [KRGI, AND
L— ¥ = n [}\RA1 ARE
-4 INDISTINGUISHABLE
-5 f—
-6 1 i 1 1 i i i 1
0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8

Fig. 3. Logarithm of the modulus of the reflection coeflficient for £ = 0.005 and &k = 0.05.
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Case 1. The exponents A; and A, are real and (o%/y — k?) 4 0. In this case
the solutions are nonoscillatory in the vertical direction and the results are similar
to the ones in [1, 2].

Case 2. Lamb wave, oy — k*=0, Ay = 1/y, A = (y — 1)/y. The inviscid
problem has a free oscillation, with the solution given by (11).
For the viscous problem,

yve(2) ~ C{y:z) + Dy.(2)} 3y

in the inviscid region, and the constants C and D can be determined from d; , C;,
and d, in (19). It is easy to show that

D = o((ec) ™) as e—0, (22)

i.e., that D — 0 as € — 0. Thus, yyp(2) — Cys(z), which shows that in the inviscid
region the solution approaches the solution of the inviscid problem (the Lamb
wave).

ACOQUSTIC s-mmmemeee
GRAVITY ===—

Y = -Tph  e———

6 l I | L L1 I !
0 0.2 0.4 0.6 0.3 1.0 1.2 1.4 1.6 1.8
B

Fic. 4. Logarithm of the modulus of the reflection coefficient for £ = 0.25.
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Jt is to be expected that the system is resonant when ¢ is small and o* = pk?,
This is, in fact, the case and one can show that

C = o(ec)®™) as e-—> Q. 233

The results of the computations indicate that a change in ¢ of one percent from
the resonant value reduces | C | by a factor of about 1000 (see Fig. 2).

Case 3. The roots of the dispersion relation are complex and the inviscid
solutions are wavelike in the vertical coordinate.

In the inviscid region the solution of the viscous problem can be approximarted
by

yve(2) &~ A{y«(2) + Kryi(2)}, 24

where y;(2z) and y,(z) are inviscid solutions normalized so that the first (horizontal)
component is one at z = 0. The solution with subscript two (one) is the inviscid
solution with upward (downward) energy propagation. The scalar K is then
defined to be the reflection coefficient.

[y

%N —
3N ACOUSTIL wsievarms i
3N GRAVITY me=wm
\\ ¥OF TR e
-1
AY
\
A
N\
N\,
N
N |
2 N\
N
N,
\
¥ = &n [KP_G] N
i \
¥ 3 o
AN vo= T
N
N
AN
~
A
\\
Sy N
N
SN
N
= tn KoL T N
T\
N
N
s RN
& 1 I 1 i i I 1
9 0.2 0.1 0.6 0.8 1.0 1.2 ! L.o 1.8

FiG. 5. Logarithm of the modulus of the reflection coefficient for & = 0.5.
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In order to distinguish between the acoustic and gravity reflection coefficients
it is convenient to introduce the notation Kz, and Kyg . Although the scalar C,
in Egs. (17)—(19) tends to a limit as & — oo, that is, as € — 0, it is easily shown
that Kgs and Kgg do not approach limiting values. The transition region or
reflecting® layer shifts toward z = oo as € — 0. Thus, the phase of the reflected
wave is altered during this process and no limiting value exists. The constant C,
is invariant since Eqs. (17) and (18) are invariant as € — 0. The invariance of C,
implies that | Krg |, arg Kpg -+ 2B In(l/e), | Kra |, and arg Kp, — 28 1In(1/e)
approach a limit as € — 0, where S is the dimensionless vertical wave number
defined in (9b).

Some of the results of the computations for Case 3 are shown in Figs. 3-7,
where the magnitudes of the reflection coefficients are plotted as functions of the
vertical wave number 8 for various values of the horizontal wave number k. For
small and large values of k& (k << 0.25 and k > 1.0) it can be seen that the reflection

ACOUSTIC serseres
GRAVITY ~==—=

[RIE ¥ p—

6 I ! L i 1 L 1
0 0.2 0.4 0.6 0.8 1.0 1.2 6

B

Fic. 6. Logarithm of the modulus of the reflection coefficient for & = 1.0.

2 The reflecting layer is in the vicinity of p(z) = €. For a more complete discussion of the re-
flecting layer and the transition region: see [1, 7].
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coefficients are very close to e, which agrees with the results of [1, 2, and 4].
However, for intermediate values of k there is a noticeable deviation from this
behaviour (see Figs. 4-6).

For 8 approximately equal to k it was observed that = —ln| Kre | and
7B — In | Kg, | achieved a positive local maximum. For most of the calculations?
w8 — In | K | was a positive quantity and

| Kralk, B)| < | Kpo(k, B)l < e 23

It should be noted that the results of the computations depend on the value of y,
and while (25) is a useful summary of the results for y = 1.4, it does not hold for
all values of y. It was found, for example, that, for y = 4.0, the acoustic wave
reflection coefficient is in much better agreement with e=5 than the gravity wave
reflection coefficient.
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Fic. 7. Logarithm of the modulus of the reflection coefficient for £k = 1.5.

8 For k = 0.005 (horizontal wavelength of 9000 km), it was found that | Krglk, 5)] exceeded
exp(—ap) slightly. However, | Krg(k, 8)| — exp(—=g) was very small and of the same order as
the error for the numerical integration of (13).

581/8/2-6
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It is evident that, in a fluid with an exponentially decreasing density at large
altitudes, waves, which in the absence of dissipation would propagate upward,
may be reflected downward. The reflection coeflicient however, may be sensitive
to various features of the fluid model or of the solution. For example, the extreme
case of artificial (Rayleigh) viscosity produces no reflection altogether. On the
other hand, both viscosity and Newtonian cooling produce the same value for
the magnitude of the reflection coefficient for the case of long waves [4], and the
present study shows that compressibility has a nonnegligible effect when the
horizontal and vertical scales of the motion are of the same order of magnitude.
Some solutions for a viscous and thermally conducting isothermal atmosphere
(which will be described elsewhere) indicate that for a fairly wide range of Prandil
number the magnitude of the reflection coefficient is determined mostly by viscosity.
However, a general conclusion of this type is not warranted without a more
complete investigation.

APPENDIX

About the irregular singularity £ = oo it is possible to develop a fundamental
set of formal solutions. This can be accomplished, for example, by transforming
the differential equation (13) until a guess can be made regarding the structure
of the formal solutions. The tactic of transforming (13) is considered in [7, 10].
However, for the viscous problem it is not necessary to obtain a fundamental set
of formal solutions. In particular, the boundary layer and transition layer solutions
are of secondary importance, and any multiple of these solutions is useful in
solving the viscous problem, that is, Eqs. (17)-(19).

It was found that multiples of the boundary layer y.(§) and transition layer
y_(£) solutions are easily computed without developing the formal expansions with
asymptotic scalar growths of /4 exp(4+-2c V/€]y). The transition layer solution
has dominant exponential growth for a numerical integration of (13) which
proceeds in the direction of decreasing | £ | on arg § = —x/2. Hence, numerically
integrating (13) with a nonzero initial vector over a sufficiently large £ interval
in the direction of decreasing | £ | results in an accurate approximation of a
multiple of the transition layer solution. Similarly, for a numerical integration
of (13) in the direction of increasing | £ | we obtain a multiple of the boundary
layer solution.

The formal solutions with algebraic growth in £ are easily determined by con-
sidering the asymptotic developments

o«

$(6) = 3, a& (A1)

n=0
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Substituting (A1) into (13) yields

)

M—A+@i—khy”"VE)=& AZ)
Y Y

Relation (AZ2) is the dispersion relation. The inviscid characteristic growth rates,
ie., A and A, in (9), satisfy (A2). Aside from a scaling constant, £~* corresponds
to exp(Az). Hence, the formal solution (Al) exhibits inviscid growth. In addition,
the lead vectors a, correspond to the inviscid vector solutions:

1
a, = olly —k* 1, (A3}
k(A — 1/y)

where (¢?/y — k?) is nonzero;

_ -__ (A® — Ad?fy) A AN
R oy yivpm 1 S
i 1
1
Az = | oy — K (AS)
Lk, — 1) |7

where (c%/y — k?) is zero or nearly zero and A, << 3 << A;.

Thus, the lead term a,¢—? in the formal expansion (Al) corresponds o an
inviscid solution. A similar result is obtained for the limiting case A, = A, = %
although (A1) must be modified [7].
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